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Abstract

One of the classical topics in graph Ramsey theory is the study of which n-vertex graphs
have Ramsey numbers that are linear in n. In this paper, we consider this problem in the
context of directed graphs. The oriented Ramsey number of a digraph G is the smallest
integer N such that every N-vertex tournament contains a copy of G. We prove that every
bounded-degree acyclic digraph with a “local edge structure” has a linear oriented Ramsey
number.

More precisely, we say that a digraph G has graded bandwidth w if its vertices can be
partitioned into sets Vi,...,Vy such that all edges wv € E(G) with v € V; and v € Vj
satisfy 1 < j —i < w. We prove that 7(G) < 3°72%|V(G)| for any acyclic G’ with graded
bandwidth w and maximum degree A.

This provides a common generalization of several prior results, including on digraphs of
bounded height, of digraphs of bounded bandwidth, and blowups of bounded-degree oriented
trees. This notion also captures a wide variety of natural digraphs, such as oriented grids
and hypercubes.

1 Introduction

1.1 Background

The Ramsey number r(G) of a graph G is the minimum number N such that every 2-coloring
of the edges of the complete graph Ky on N vertices contains a monochromatic copy of G.
Studying how r(G) depends on G is the main question in graph Ramsey theory, and is one of
the most studied topics in combinatorics. In particular, one would like to obtain comparable
upper and lower bounds on 7(G) in terms of basic parameters of G. Such bounds are known in
certain regimes; for example, it is known that if G has n vertices, then r(G) grows exponentially
in n if and only if G has Q(n?) edges [14, 48].

In particular, sparse graphs—those with o(n?) edges—have subexponential Ramsey num-
bers. However, it was observed very early in the history of graph Ramsey theory (see e.g.
[21]) that certain sparse graphs, such as trees and cycles, have much smaller Ramsey numbers,
namely linear in their order. In 1975, Burr and Erdds [9] conjectured that this is in fact true
for all sparse graphs. Their notion of sparsity is the degeneracy! of the graph, where a graph
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'n fact, they originally stated their conjecture in terms of the arboricity of G, but it is easy to verify that
a graph has bounded degeneracy if and only if it has bounded arboricity. Most subsequent papers on this topic
use degeneracy, which seems more well-suited for Ramsey-theoretic study.



G is called d-degenerate if every subgraph of G has a vertex of degree at most d, and the
degeneracy of G is the least d for which it is d-degenerate. The Burr-Erdds conjecture then
states that for every d-degenerate graph G we have that r(G) < Cy4|V(G)|, where Cy is a con-
stant that depends only on d. The first major step towards proving this conjecture was made
by Chvétal, R6dl, Szemerédi and Trotter [11], who proved that that for every graph G with
maximum degree A, we have 7(G) < Ca|V(G)|, that is, that the conjecture holds under the
stronger assumption of bounded maximum degree. After a sequence of further partial results
(e.g. [10, 26, 31, 38, 39, 42]), the full Burr—Erdés conjecture was finally resolved by Lee [43] in
2017.

For bounded-degree graphs, we have a fairly precise understanding of how large their Ram-
sey numbers are. Substantially improving on the early result of Chvatal, Rodl, Szemerédi, and
Trotter [11], Graham, R6dl, and Ruciriski [31] proved that every n-vertex graph G with maxi-
mum degree A satisfies 7(G) < CAog A)2n, where C' is an absolute constant. In a subsequent
paper [32], they noted that their technique yields a better bound of r(G) < CA1°84 in case G is
bipartite, and also showed that this bound is close to best possible, in that there exist bipartite
n-vertex graphs maximum degree A satisfying 7(G) > ¢®n, for another absolute constant ¢ > 1.
Subsequent work by Conlon [13], Fox-Sudakov [25], and Conlon-Fox—Sudakov [15] removed one
logarithmic factor from both upper bounds; in particular, it is now known that every n-vertex
bipartite graph with maximum degree A satisfies r(G) < C®n, which is best possible up to the
value of C.

We now turn our attention to directed graphs (digraphs for short), where similar questions
can be asked, and which are the main focus of this paper. A digraph G is acyclic if it contains no
directed cycles. For an acyclic G, we define the oriented Ramsey number 7 (G) as the minimum
number N such that every tournament on N vertices, that is, every edge-orientation of the
complete graph K, contains a copy of G. The study of oriented Ramse_y) numbers was initiated
in 1951 by Stearns [47], who showed that for a transitive tournament 7}, on n vertices we have
?(J_}:) < 271 which was complemented by a lower bound of ?(Z_}:) > 227! by Erdés and Moser
[23] in 1964. As in the undirected setting, for sparser digraphs G this number is in general much
smaller than exponential in |V(G)|; for example, for n > 8 every orientation of the n-vertex
path has oriented Ramsey number equal to n [36, 49]. For more general oriented trees, Sumner
conjectured that 7 (T) < 2n — 2 for any oriented tree T' on n vertices. Sumner’s conjecture has
attracted a great deal of interest over the years (e.g. [4, 5, 19, 20, 33, 34, 35, 40, 49]) and in
2011 it was proved for sufficiently large n by Kiithn, Mycroft, and Osthus [41].

Motivated by these results, Bucié¢, Letzter and Sudakov [8] asked whether a natural anologue
of the Burr—FErdés conjecture holds for acyclic digraphs, that is, whether for all acyclic digraphs
G with maximum degree? A we have that 7(G) < ca|V(G)| for some constant ca depending
only on A. Quite surprisingly, Fox, He, and Wigderson [24] recently answered this question in
the negative by showing that for any A and large enough n there exists an n-vertex digraph G
with maximum degree A and 7(G) > nUA%3 /1082 A) Iy the other direction, they proved an
upper bound of 7(G) < n¢21°8™ for any acyclic digraph G with maximum degree A. However,
their results leave open the question of whether the worst case behavior for fixed A is always
polynomial, or whether it can indeed be super-polynomial.

However, the motivation of Bucié¢-Letzter—Sudakov [8] is sensible, so a very natural question
now arises: why is it that many examples of bounded-degree digraphs do have linear Ramsey
number, now that we know that some bounded-degree digraphs do not? While we are very far
from having a complete explanation, it appears that the answer to this question is controlled
by whether G has a “simple” structure. For example, in addition to the results for trees

2By the maximum degree of a digraph, we mean the maximum degree of the underlying undirected graph.



and cycles discussed above, Aboulker et al. [1] recently proved that constant-sized blowups® of
oriented trees have linear Ramsey number, and another result of Fox-He-Wigderson [24] is that
bounded-degree digraphs of bounded height* have linear Ramsey number. In both instances,
the structural assumption on G is crucial to the proof, as it demonstrates that the edges of G
cannot be arbitrarily badly distributed. At the other extreme, the lower bound construction of
Fox—He-Wigderson [24] is what they term an interval mesh; loosely speaking, this is a digraph
whose edges are uniformly spread out at all scales, and which in particular has no local structure.

1.2 Graded digraphs

Another important class of digraphs studied by Fox-He-Wigderson [24] is the class of graded
digraphs, which we now define.

Definition 1.1. We say that a digraph G is graded with a graded partition V(G) = V1 U---UVpy
if every edge of G is directed from V; to Vj;1 for some i € [H — 1].

We remark that graded digraphs are necessarily acyclic, and that the graded partition is
unique assuming that the underlying graph of G is connected. In particular, the number H of
parts in the graded partition is equal to the height of G.

There_)are many natural examples of graded digraphs. For example, the d-dimensional grid
digraph T'q ), whose vertex set is [k]? and whose edges are all ordered pairs of the form

((xl,...,xi,...,xd),(:L’l,...,mi—|—1,...,xd)) for some ¢ € [d]

is graded; one obtains the graded partition by setting V; = {(x1,...,24) € [k]Y: 21+ + 24 =
i}. An important special case of this construction is the oriented hypercube @Z , which is obtained
from the unoriented hypercube graph by directing all edges away towards the positive orthant.
More generally, the Hasse diagram of any graded poset is a graded digraph.

Fox, He, and Wigderson [24, Theorem 1.5] proved that bounded-degree graded digraphs
have Ramsey numbers that are at most polynomial in their order, namely that if G is an
n-vertex graded digraph with maximum degree A, then 7(G) < n!''21°64 Our first main
result improves this polynomial bound to a linear bound, thus extending the set of structural
assumptions which imply a positive answer to the question of Buci¢-Letzter—-Sudakov [8].

Theorem 1.2. If D is a graded digraph on n vertices with mazximum degree A, then
7(D) < 10°A3%2%4,
More precisely, if D has mazimum in-degree A~ and mazimum out-degree AT, then
7(D) < 10°A+(A7)2244 .

We stress that the height of D does not affect the bound in Theorem 1.2 at all. This is
somewhat surprising, given the intuition above that the height of a digraph should play an
analogous role to the chromatic number of a graph, and should in turn affect the oriented
Ramsey number. Nonetheless, an understanding that arises from our techniques is that graded
digraphs “behave like” bipartite graphs, regardless of their height.

As an immediate corollary of Theorem 1.2, we obtain a linear upper bound on the oriented
Ramsey numbers of grid digraphs in any fixed dimension, since ITJ; has maximum in- and
out-degree equal to d.

3A blowup of a digraph G is obtained by replacing each vertex by an independent set, and each oriented edge
by a complete bipartite graph all of whose edges are oriented the same way.

“The height of a digraph G is the length of its longest directed path. Equivalently, this is the least h such
that there is a partition V(G) = V4 U- - - UV}, with the property that all edges are directed from V; to V; for some
i<j.



Corollary 1.3. For any_d)z 1, there exists a constant Cy = 10°d32% such that the d-
dimensional grid digraph Tqy, satisfies 7(Tqr) < CalV(Tak)|-

We remark that there has recently been a great deal of interest in Ramsey- and Turdn-type
questions involving grid graphs, see e.g. [7, 12, 17, 28, 29, 30, 37, 44]. In particular, it is proved
in [44, Corollary 1.4] that the undirected Ramsey number of the two-dimensional k x k grid
graph is (2 + o(1))k2.

At the other extreme, where k is fixed and d tends to infinity, we obtain a polynomial bound.
For example, for the oriented hypercube @;, Theorem 1.2 implies that ?(de)) < 9bd+old) —
\V(@;)|5+0(1). By optimizing our techniques, we are able to improve the exponent from 5 to
log,(17) ~ 4.09.

Theorem 1.4. There exists an absolute constant C > 0 such that 7(@) < Cd*17e.

In fact, motivated by the example of the hypercube, in Appendix A we prove a strengthening
of Theorem 1.2, which gives a better bound for graded digraphs where the large in-degrees are
only in the_p)arts of the graded partition where the number of vertices is small. Such a result is
useful for @g, since in the hypercube, almost all vertices (and in particular those vertices lying
in the very large parts of the graded partition) have in- and out-degree close to d/2.

In the undirected setting, it is a major open problem to determine 7(Q4). A famous con-
jecture of Burr and Erdés [9] from 1975 is that the Ramsey number of the hypercube is linear
in its order, i.e. that r(Qg) = O(2%). This question has been intensively studied (see e.g.
[3, 16, 25, 32, 45, 46]); the current best known bound is due to Tikhomirov [50], who proved
that 7(Qq) < 22~99 where £ > 0 is some small absolute constant. However, the results in the
undirected setting cannot be used directly to obtain upper bounds on 7"(@;), and to the best
of our knowledge Theorem 1.4 is the first known polynomial bound on ?(@;). Instead, the
techniques from the undrected setting naturally yield polynomial upper bounds on the oriented
Ramsey number of the bipartite orientation of the hypercube, where all edges are di@ted from
vertices of even to odd Hamming weight, rather than the more natural orientation Q.

Our second main result shows that Theorem 1.2 is close to best possible, in the sense that
there exist graded digraphs with maximum degree A and oriented Ramsey number of at least
¢?|V(G)| for some absolute constant ¢ > 1. A very similar result was proved in the undirected
setting by Graham, Rédl and Rucinski [32]; in fact, it is not hard to adapt their construction
to show the existence of such a G which is bipartite, that is, of height 2. However, by modifying
their construction appropriately, we are able to prove such a result for G of arbitrary height,
with layers of equal size, where the lower bound again does not depend on the height.

Theorem 1.5. There exist constants ¢ > 1 and Ay such that for all A > Ag, n > A, and
H > 2 there exists a graded digraph G with mazimum degree A and with a graded partition
V(G) =V1U---UVy such that |V;| < n for all i € [H], such that 7(G) > c®>Hn > 2|V (G)].

1.3 Digraphs with bounded graded bandwidth

Our proof of Theorem 1.5, like the proof of Graham, R6dl and Rucinski [32] in the undirected
case, exploits the strong expansion properties of random bipartite graphs, showing that such
graphs yield the desired lower bound. However, it is now well understood that graphs without
such expansion properties have smaller Ramsey numbers. A key notion capturing this lack of
expansion is bandwidth.

We say that a graph G has bandwidth at most w if there exists a labeling of its vertices with
[n] such that for every edge {i,j} € E(G) we have |i — j| < w. Allen, Brightwell and Skokan
[2] showed that for any A there exists a constant S such that if G has maximum degree A and



bandwidth at most 5|V (G)| then r(G) < (2A + 6)|V(G)|. Proving the Burr-Erdds conjecture
for graphs with bounded bandwidth was a crucial step towards its full resolution in 2017 by Lee
[43]; prior to this, he showed [42] that for any d and ¢, if G is a sufficiently large graph with
degeneracy d and bandwidth at most n'~¢, then 7(G) < (2d 4 7)|V(G)|. Bandwidth has also
emerged as a fundamental parameter in various other areas of graph theory, such as the famous
bandwidth theorem of Bottcher, Schacht, and Taraz [6].

One can define the bandwidth of an acyclic digraph in the same way, now requiring that
every edge is directed from i to j, and that these satisfy 1 < j —4¢ < w. This is another natural
structural notion, so it is not too surprising given the discussion above that digraphs of bounded
bandwidth have linear Ramsey numbers. Indeed, answering a question of Yuster [51], it was
proved by Dragani¢ et al. [18] that every n-vertex acyclic digraph G with bandwidth w satisfies
7(G) < 24wty

For a digraph, having bounded bandwidth and being graded are two structural notions which
capture the idea of having “local edge structure”. There is a natural common generalization of
them, which we now define.

Definition 1.6 (Graded bandwidth). We say that a digraph G has graded bandwidth at most
w if its vertex set can be partitioned into Vi,..., Vg such that for every uwv € E(G) with u € V;

and v € Vj we have 1 < j—i < w. We call the sets V1,..., Vpy the layers of the graded partition
of G.

Note that in case w = 1, this precisely recovers the definition of a graded digraph.

It follows from [24, Theorem 3.12] that every n-vertex digraph G with maximum degree A
and graded bandwidth w has 7(G) < n“aw for some constant Ca ,, = O(A(log A+logw)). Our
next main result substantially improves this polynomial bound, stating that all bounded-degree
digraphs with bounded graded bandwidth have linear oriented Ramsey numbers.

Theorem 1.7. Let A,w € N and let G be a digraph with mazimum degree A and graded
bandwidth w. Then
7(G) < 3R V(@)

This theorem is perhaps gives the most general known conditions which imply that a digraph
has a linear Ramsey number. Indeed, it recovers the result of Dragani¢ et al. [18] on digraphs
of bounded bandwidth (as such digraphs trivially have bounded graded bandwidth), as well as
the result of Fox—-He-Wigderson [24] on digraphs of bounded height (as a digraph of height h
has graded bandwidth at most h). It also implies a special case of the theorem of Aboulker et
al. [1] on blowups of oriented trees, as a constant-sized blowup of a bounded-degree oriented
tree also has bounded degree and bounded graded bandwidth. Finally, of course, Theorem 1.7
recovers the linear bound on graded digraphs from Theorem 1.2. We remark that in all of these
cases, the quantitative dependencies are worse than those arising from the original proofs; in
particular, if one sets w = 1 in Theorem 1.7 one obtains a weaker statement than Theorem 1.2;
unsurprisingly, proving a more general result entails obtaining weaker bounds.

The remainder of the paper is structured as follows. We first prove Theorem 1.7 in Section 2,
which begins with a detailed proof outline. In Section 3, we then state a strengthening of
Theorem 1.2 and optimizations in its proof compared to Theorem 1.7. The formal proof is
deferred to Appendix A. In Section 4, we first give a sketch of the proof of Theorem 1.5, then
prove it for height-2 digraphs, and finally prove it in full generality. We end in Section 5 with
some concluding remarks and open problems.

Notation: For a directed graph D, we use V(D) to denote its vertex set and E(D) to denote
its edge set, which is a collection of ordered pairs of elements of V(D). For a vertex v € V(D)



we write N} (v) and N, (v) for its out- and in-neighborhood and d};(v) and d,(v) for its out-
and in-degree, respectively. For a subset U C V(D) we let N} (U) denote the common out-
neighborhood of U and similarly N, (U) the common in-neighborhood of U. Additionally, for
a vertex v € V(D) we let df;(v,U) = [N} (v) NU| and dj,(v,U) = [N}, (v) NU| be the out- and
in-degree of v into U. For two sets A, B C V (D), we write ep(A, B) = |{(a,b) € E(D)|a €
A,b € B}| for the number of edges between A and B, and we write dp (A, B) = eféﬁéj‘g), for the
density between A and B. Whenever the digraph D is clear from context, we omit the subscript
and write d*(v) for df(v), etc. Throughout the paper, we omit ceilings and floors whenever

they are not crucial.

2 Upper bound for the general case

2.1 Proof Outline
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(a) In Theorem 2.10, we find sets By, ..., By, C
V(T), together with subsets B;g C B;1 C
-+ € B, C B; for each ¢ € [h], such that

(b) We find this structure inductively, starting
with By. After having found B;, ... By and the
subsets By g € By C --- C By, C By for

for any ¢ € [h] and j € [w] almost all A-
subsets of B;_1 U B; j_1 have a large common
out-neighborhood in B; ;.

i < i < h, Lemma 2.12 will allow us to simul-
taneously find B; o C B;1 € -+ C B, C B;
and Bifl.

Figure 1: We find the embedding structure in the host tournament 7' (Fig. 1a) layer-by-layer
using Lemma 2.12 (Fig. 1b).

Let G be a digraph with graded bandwidth w and maximum degree A, and let Vi, ..., Vi be the
layers of a graded partition of G. To prove an upper bound on 7(G), we fix a tournament T' of
sufficient size and wish to find an embedding of G into T'. We achieve this in two steps. First, we
want to find a suitable structure in the host tournament that will make this embedding simpler.
More specifically, we would like to find sets Aj,..., Ay C V(T) such that for any i € [H]
almost all A-tuples of vertices in A;_,, U---U A;_1 have a large common out-neighhorhood in
A;. We achieve that using the dependent random choice technique combined with properties
of the median order of T, i.e., an ordering of the vertices of T" that maximizes the number of
forward edges. In the second step, we then want to embed the layers Vi,..., Vg of G one by
one, such that each V; lands in the corresponding A;. Since the edge structure between the A;’s
in T" and between the V;’s in G resemble each other, this will in fact be possible using a careful
application of the Lovész local lemma, similar to the argument used in [16].

Finding the sets Ay,..., Ay turns out to be quite challenging. In fact, it turns out to be
more convenient to find a slightly stronger structure. We let h = % and find disjoint sets
By, ..., By, together with subsets B;jg C --- C B;,, C B; for each i € [h] such that almost every
A-tuple in B;_; U B; ;1 has a large common out-neighborhood into B; ; for every i € [h] and
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lot of space to put v into.

(a) Renaming of the sets B;; from Theo-
rem 2.10 into (non-disjoint) Ay,...,Am such
that almost all A subsets of A;_, U---UA;_1
have large common out-neighborhood in A; for
each i € [H].

Figure 2: To prove Theorem 1.7, we start by renaming the sets from Theorem 2.10 into
Aq,..., Ay (Fig. 2a) and then embed the sets Vi,...,Vy into the sets Ai,..., Ay one by
one (Fig. 2b).

J € [w] (see Fig. 1). Note that by taking A;,+; = Bjt1,; for each 0 <i < % and 1 < j < w we
can recover our original plan with most pairs of the sets being disjoint.

We find the sets B; and B;; inductively using the median order of T, starting with ¢ = h.
At a given step, for some 4, we have found the sets B;, ..., By, as well as the subsets By ; for all
7 >4 and 0 < j < w. Moreover, we have ensured that B; C I; for some small interval I; of the
median order of 7. Using the properties of the median order, we can find an interval I;_; not
far away from I; and of roughly the same size, such that at least 1/3 of the edges from I;_; to
B; are directed from I;_1 to B;. Then, we simultanously find the sets B;o C --- C B;,, C B;
and the set B;_1, making sure that B; 1 C I; ;.

To achieve that, we apply the dependent random choice technique (for more information
on this method, see the survey [27]). Put briefly, given two sets L and R, with some constant
fraction of edges going from L to R, dependent random choice allows us to find a set K C R
of constant size k with the property that L' = N~ (K) N L is large and almost all A-subsets
of I’ have many common out-neighbors in R. Given a B, ;, this would allow us to find a
B;j—1 C B, where almost all A-subsets of B; j_1 have large common out-neighborhood in
B; ;. This is however not enough, because recall that we want to have that most of A-subsets
of B;_1 U B; j_1 have this property.

Therefore, we slightly modify the dependent random choice argument. We notice that given
some sets A, L and R, again with a constant fraction of vertices going from L to R, we can find
a K C R of constant size k such that for A= N~ (K)N A and L' = N~ (K) N L we again have
that L' is large and almost all A-subsets of A’ U L’ have a large common out-neighborhood in
R. By setting A = I;_1 we are therefore almost done; what remains to do is to control the size
of A’ in some way. Luckily, this we can do by yet another application of dependent random
choice.

More specifically, in each iteration, having found B; and I;_1, we first apply dependent
random choice to find B;,, such that almost all subsets S C B;,, of size w - k have many
common in-neighbors in I;_;. Then, we iteratively find subsets K; C B;; of size k each, as
described above, and set B; j—1 = N~ (Kj;) N B; j. Most importantly, every time we make sure



that K; U---U K, has many common in-neighbors in I;_; — and that this still holds for most
SUK;U---UK,, where S C B; ;_1. At the end, setting B;_1 = N~ (K1 U---UKy,) NI
finishes the step.

By repeating the same argument, we can therefore find the sets B; and B; ; as described —
and what remains to show is that we can in fact embed our G into them. For that, it is more
convenient to get back to our original plan with sets Aq,..., Ag — which as we have seen can
be recovered from the B;;’s. We want to embed each of the layers Vi,..., Vg of G into the
respective A;’s — starting with embedding V; into A; and embedding respectively the next V;
in each step. We have to do it carefully — when embedding V; into A; we not only want to
respect the embedding of Vi,...,V;_1 that we have already found but also guarantee that we
will be able to continue the process for Vi1, V1o etc.

So suppose we have found an embedding ¢ of the layers Vi,...,V; into Ai,..., A; and let
v € V; for j > i be some vertex that we have not embedded yet. Moreover, let uq,...,ua be
the in-neighbors of v in G. If uy,...,ua € V43 U--- UV, that is, we have already embedded
all the in-neighbors of v, we would like that there are a lot of potential vertices in V; where
we can put v. In other words, we want to make sure that the common out-neighborhood of
d(u1),...,p(ua) in Aj is large. Otherwise, if we only already embedded some (possibly empty)
part of the in-neighbors of v, say ui,...,uy for some ¢ < A, then we want to make sure that
most possible choices of ¢(upt1),...,d(ua) give a lot of space to put v. Using the Lovasz local
lemma in a similar manner to [16], we will prove that if the above conditions are satisfied, then
we will be able to embed Vi1, while making sure that these conditions are satisfied again.
Continuing inductively, we are thus able to embed the whole G into T

The remainder of this section is organized as follows. First in Section 2.2 we define the
concepts used in the proof of Theorem 1.7. Then, the proof is split into two parts. In Section 2.3,
we first find the sets B; and B; ; in the host tournament. Then, in Section 2.4 we show that
we can indeed embed our digraph with bounded graded bandwidth into this structure, thus
proving Theorem 1.7.

2.2 Preliminaries

In this section we define various concepts used in the proof of Theorem 1.7 — each in the
corresponding subsection — and prove a couple of simple observations related to them.

2.2.1 Upward closed sets and k-density

Throughout the paper, we will often have that almost all subsets of vertices of a given size k
have a large common neighborhood in some other set of vertices. In order to more conveniently
work with such conditions, we introduce the following simple notions.

Definition 2.1 (Upward closed, k-density). Let Abeaset, 1 <k <|A|,0<d<1land F C 24,
We say that F is upward closed if for each Y € F and each Y C X C A we have X € F. We
say that F has k-density ¢ if |F N (‘,?)| = 5(‘?‘).

The main property of upward closed sets is that knowing that their k-density is at most ¢§
immediately tells us that for each 1 < ¢ < k their i-density is at most ¢ too. This will be useful
for us, since it immediately implies, that the probability that a random set of k elements of A
drawn uniformly at random with replacement has probability at most § to be “bad”.

Observation 2.2 (Upward closed property). Let A be a set, 1 < k < |A] and F C 24 be upward
closed with k-density at most §. Then F has i-density at most § for each 1 <1i < k.



Proof. For Y C A with |Y| =14, Y € F implies X € F for all (I?L—Z%) k-subsets of X containing
Y. Moreover, the number of pairs consisting of an X € F of size k and a Y C X of size i is at
most 6('2") (k) Therefore, the number of Y € F of size i is at most

() !
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2.2.2 Communities

In the proof of Theorem 1.7, we will make use of the dependent random choice technique —
which given two sets L and R with positive edge-density between them, will allow us to find
a subset A C L such that all but a few subsets S C A of size A have more than s common
neighbors in R. Moreover, at later stages, we will want to have some elements C' of A fixed —
for example because we embedded some vertices of GG into them — while still wanting that for
almost all S C A of size A’ the set C' U S has a large common neighborhood in R. To increase
readability and avoid writing out the whole “all but at most e subsets...” every time, we define
the notion of a community.

Definition 2.3. Let G be a graph, A,C,R C V(G). We say that (A,C) is an (R, A,s,e)-
community if [IN(C)NR| > s+ 1, |A\ C| > A and for all but at most e subsets S C A\ C of
size |S| = A we have IN(CUS)NR| > s+ 1.

Note that for the first example above, we would write C' = (), i.e., that (A, () is an (R, A, s, €)-
community. Notice also that in case A = 0, this definition simply means that |[N(C)NR| > s+1.

For digraphs, we define the notion of community analogously, this time distinguishing be-
tween the in- and out-neighborhood.

Definition 2.4. Let T be a digraph and A,C, R C V(T'). We say that (A,C) is an (R, A, s, e)-
in-community (respectively (R, A,s,e)-out-community) if [IN~(C) N R| > s+ 1 (respectively
INT(C)NR| >s+1),|A\ C| > A and for all but at most e subsets S C A\ C of size |S| = A
we have [N~ (CUS)NR| > s+ 1 (respectively [INT(CUS)NR| > s+1).

By definition, we can take any subset A C A and remain a community with the same
parameters.

Observation 2.5. If (A,C) is an (R, A, s, e)-community then (4’,C) is a (R, A, s, e)-community
for any A" C A such that |A"\ C| > A.

As described above, we will often want to fix some subset C C A and still get that almost
all C' U S have a large common neighborhood in R. For example, as we will be embedding
the vertices of our digraph G in stages, for some vertex v € V(G) the set C' will be the set
of in-neighbors of v that we have already embedded. Importantly, as we keep embedding the
vertices of GG, this set C' will grow, and at each stage we will want that there are many possible
ways to pick a S’ C A such that (A, CUS’) is still a good community. The following observation
allows us to achieve exactly that.

Observation 2.6. Let G be a graph and A,C, R C V(G) be subsets of its vertices. Moreover,
let A1, Ag,m,s € N such that A; + Ay <m < |A\ C| and 01,d2 > 0. Suppose that (A, C) is
an (R, A1 + Ag, s,8102 (AlijQ))—community. Let F be the set of subsets S’ C A\ C such that
(A, CUS’) isnot an (R, Ag, s, 02 (mgfl) )-community. Then F is upward closed and | FN (AA\lo)| <
0 (2.11) In particular, F has Aj-density at most d;.



Proof. Since for any X,Y C V(G) we have that N(X UY) C N(X) we immediately get that F
is upward closed. Suppose now for contradiction that |F N (AA\IC)\ > 01 (g”l) Then the number

of subsets S C A\ C of size A1 + Ay with [N(C' U S) N R| < s is larger than

51527(211) (mgfl) = 5152< L >

(AIA*IAQ) A+ Ay)’
which is a contradiction to (A, C) being an (R, A + Ag, s, 6162 (A1$A2))—community. The A;-
density of F then follows from m < |A\ C]. a

Remark 2.7. Observations 2.5 and 2.6 hold for in- and out-communities as well.

2.2.3 Median Order

Finally, an important ingredient for finding the embedding structure in 7" will be the median
order [35] of the host tournament 7.

Definition 2.8. Let T be a tournament on N vertices. An ordering v1,...,vy of the vertices
of T' is called a median order if it maximizes the number of forward edges, i.e., pairs i < j with
v;vj € E(T) among all possible orderings of the vertices of T'. Given a median order vy, ..., vy
and 1 <i < j <N +1 we write [z, 7) for {v;, viq1,...,vj-1}.

The median order is an elementary, yet powerful tool in the study of tournaments and has for
example been used in the recent work around Sumner’s conjecture; we refer the reader to [35]
for more information.

We will use the median order to, starting with some set B contained in a given interval I of
the median order, find another interval I’ of size roughly the same as I such that many edges
go from I’ to B. This is implied by the following standard observation about the median order.

Observation 2.9. Let T be a tournament on N vertices with a median order vy,...,vy. Let
J,k,a € Nsatisfy j —ka>1and j+a+1 < N. Then, for I = [j —ka,j) and any A C [j,j +a)
we have d(I,A) > kQ—;l

Proof. Notice that since vy, ..., vy is a median order, at least half of the vertices from [j —ka, i)
are in-neighbors of v; for each j < i < j + a. Therefore, fore every v; € [j,j + a), we have

_ _ . . — . ka+i—j3 . . ka—(i—j) _ (k—1)a
4 o, 1) = d (v, [ = b, ) = d-(ui, [,0) 2 L - gy = ) S B

In particular, since A C [j,j + a), we get

Svead=(.1) _ [Al(k—Da _ k-1
ka - |A] = 2ka-|A] 2k

d(I, A) =

2.3 Finding the embedding structure in the host tournament

In this section, we will find the embedding structure in the host tournament 7. We first state
Theorem 2.10, which formally defines this structure and says that we can indeed find it. In our
application, the parameters A and w will be the maximum degree and the graded bandwidth of
our digraph G, h will be chosen such that h-w ~ H, while s1, ..., s, will roughly correspond to
the sizes of the layers Vi, ..., Vg of G: s; will correspond to the maximum among |Vi|,..., |Vil,
s9 will correspond to the maximum among |Vi41], ..., |Vay|, and so on.
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Theorem 2.10. Let A,w,h,s1,...,s, € N, such that s; > max{sig_l, 81;1} for each i, and let
0 < d < 1. For each i € [h] define:

1
o m; =5 23308,

)
o b = 302, and
® a; — 310Awbi.

Let T be a tournament on N > Z?:l 6a; vertices. Then there exist disjoint By, ..., B, C V(T)
and Bijg C --- C By, C B; for each i € [h] such that the following holds. For each i € [h] and
J € [w] we have that

1. m; < ’Bi,j| < bi, and
2. (Bi—1UB;j_1,0) is a (Bm-,A,si,5(28—12)A(mgg’))—out—community.

We remark that in Theorem 2.10, we have 2—: = §1/A3736Aw for 4] 4. Thus, the final
conclusion of the theorem could be rewritten to not involve the quantity %’ as this quantity is
the same for all 7.

Before giving a proof of Theorem 2.10 in Section 2.3.2, in Section 2.3.1 we first state and
prove Lemma 2.12, which will allow us to find one layer of the structure at a time.

2.3.1 Extending the structure by one layer

The main tool while finding the next layer of our structure will be a dependent random choice
argument, which is the following Lemma 2.11. As described before, given some sets A, L and
R, with some positive edge-density between L and R, the lemma will allow us to find a small
subset K C R such that N(K)NL is large and for A’ = N(K)N A and L' = N(K) N L, almost
all A-subsets of L' U A’ have a large common neighborhood in R. Moreover, to have control of
the size of A’, we will guarantee that K ¢ F, for some not too k-dense set F, which in our case
will simply be the set of S C R such that N(S) N A is small.

Lemma 2.11. Let G be a graph and let A,L,R C V(G). Moreover, let k,s,A € N and

0 <d <1 be such that W > d. Let F C 2% be an up-closed family with k-density at

most & for some § < d¥/2. Then, there exists K C R of size |K| < k such that
1. K¢F,

2. |N(K)NL| > £9)L], and

3. (N(K)N(LUA),D) is a (R, A, s, 7 ('LZA|)(ﬁ)k)—commumty.

Proof. Pick a set K of k vertices from R uniformly at random with repetitions and let M =
NEK)NL={ueL:K CN(u)NR}. Let X = |M]| and let E be the event that K ¢ F. Note
that by Observation 2.2 we get that Pr[E] > 1 — §. By Jensen’s inequality we get

k
pix] = 3 (45 i

veL

and since X < |L| and E[X|E] > E[X] — Pr[E]E[X|E] we get that

E[X|E] > |L|(d* - ¢).
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Let now Y be the random variable counting the number of subsets S C N(K)N (LU A) of size
|S| = A with at most s common neighbors in R. For a given such S C L U A, the probability

that it is a subset of N(K) is at most (lN(ﬁng)k < (ﬁ)k and therefore

= (“5) (i)

Moreover, since Y > 0, we get that E[Y|E] < (1 — §)"'E[Y] < 2E[Y].
Let us suppose for a moment that E[Y|E] > 0. By the linearity of expectation we know that

E[X|E] ,, _E[X|E]
2E[Y |E] 2

E|X - £] o

Therefore, there exists a choice of K ¢ F with the corresponding M for which

E[X|E] E[X|E]
X QE[Y\E]Y 2

> 0.

Fix such a choice. Then,

E[X|E] dk -4
2

M| =X > 2 | Ll——,

and since |X| < |L|, it also holds that

v < E;()’(E]E[YIE] < dk4_5 <‘LZA‘) (!;IY

In particular, this choice of K concludes the proof.

It remains to consider the case when E[Y|E] = 0. In this case, since Y is always non-
negative, it must take the value 0 with probability 1 conditioned on E. Thus, if we select any
K ¢ F for which the corresponding X is at least E[X|E], we can again conclude the proof. [

We are now ready to state and prove Lemma 2.12, which will allow us to find one layer of
our structure at a time. More specifically, having found B; in the current step, as well as an
interval I;_; of the median order with many edges going from I;_; to B;, Lemma 2.12 will allow
us to find B;p C B;; € --- C B; C B; and B;—1 C I;_; such that for each j € [w] almost all
A-subsets of B;_1 U B; j_1 have many common out-neighbors in B; ;.

Lemma 2.12. Let A,w,s € N and let T be a tournament. Let I, B C V(T) be disjoint such
that d(I,B) > 1/3 and |B| > 3 - 368w - Then there exist A C I and By C By C---C B, C B
such that

1. |A] = 3-108w| ]
2. for j € [w] we have that 3732%|B| > |B;| > 3754%|B|, and

3. for each j € [w] we have that (AU Bj_1,0) is a (Bj,A,s, (38Awi|)2A(uUij’l‘))—out—
community.

Proof. Let b = 37192%|1| § = 3732 and m = 3752%|B|. We first apply Lemma 2.11 with
Loi1 = B, Roq1 =1, As11 = 0, s911 = b and k11 = As11 = 2Aw to find a K C I such

that for B, = N*(K) N B we have that |B,| > 3-~|B| > 3732%|B| and that (B,, ) is an
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(I,2Aw,b, 6" (QTA”w))—in—community. For the last parameter, the bound on the number of bad
(2Aw)-subsets of B,,, we used that

2Aw
4. 32Aw< |B| > < b > <4. 32Aw’B|2Aw(3710Aw)2Aw

28w) \ |I]
_ 2A
_ gane (3700IBLY A
- 2Aw

m
<ov .
= <2Aw>

Moreover, if | B,,| > 3734%|B|, we can simply restrict it to some arbitrary subset of size exactly
373Av|B|, and maintain the community structure.

We will now find sets ) = K,, C Ky—1 C -+ C Ky C By, such that for B; = N~ (K;) N By,
and A; = N~ (K;) NI the following conditions hold. For each i =0,...,w and j =1,...,w we
want that

2. |Bj—1| 2 373 |Bj| = m,

3. (Bj, K;) is an (I,2A4,b,87 (2Zj))—in—community, and

4. (Aj_1UB;_1,0) is a (B, A, s, (38Awﬁ)2A('Iuij*|))—0ut—c0mmunity.

Clearly, our initial choice of B,, satisfies the above conditions upon setting K,, = (). Let us
now suppose that for some i € [w] we have found appropriate K for all 7/ > i. We want to
show how to find a suitable K;_;.

To that end, let F C 25 be the collection of all subsets S C B; such that (Bi, K; US) is
not an (I,2A(i —1),b, 61 (QAg_l)))—in—community. By Condition 3 and Observation 2.6 we get
that F is upward closed with 2A-density at most § = 3734,

d(v,B; .
Now, since |B;| > m > 3, we get that % > 1/3. Therefore, by Lemma 2.11 with
Lyy1 = Roq1 = B, A= A; and ko117 = 2A we can find a set K’ C B;, K’ ¢ F such that for
K; 1 =K;UK', and A;_1, B;_1 defined as above, we get

® |Bi 1] > |Bi| > 3734|Byl, and

3—2A_3—3A
2
e (A1 UB;_1,0)is a (B;,A,s, ﬁ('BiZA”) (ﬁ)k)—out—community.
Since K’ ¢ F, condition 3 is satisfied. Moreover, since |B;| > m and A; C I, we get that

4 (BUAN (s O\ sen (geaw s\ TV B
3728 _§ A Bi| ) — |B| A

2A
< (g88w 5 [ U B
- | B A )

Thus, all the remaining conditions are satisfied as well.

We can therefore continue this argument all the way up through i = 0. At that point, we
notice that by condition 3 we have |Ag| > b. Since Ay C A; for each i = 0,...,w, by taking
an arbitrary A C Ag of size b we are able to find the subsets A C [ and By C ---C B, C B
satisfying the conditions of the lemma. O
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2.3.2 Proof of Theorem 2.10

Now, proving Theorem 2.10 is simply an inductive application of Lemma 2.12, while being
careful about the parameters. At each step, we find the interval I for Lemma 2.12 using the
median order of 7.

Proof of Theorem 2.10. Fix A,w,h,s1,...,8, € Nand 0 < § < 1 and let m;,b; and a; be
defined as in the statement of the theorem. It suffices to show that the statement holds for any
tournament of size N = Z?:l 6a;. Therefore, let T' be such tournament and let vq,...,vy be
its median order.

We will find the B;’s together with the corresponding B; ;’s iteratively using the median
order of T'. We start by placing B,, at the end of the median order. At each step, we will make
sure that each B; is contained in the interval of the median order of size a; and will search
for B;_1 in an interval immediately preceding it. Throughout, we will write o; for the starting
index of the interval of the median order of T' containing B;, i.e., we will have B; C [0;,0; + a;).
At each step we will guarantee that o; — 6a;—1 < 0,1 < 0; — a;—1, and thus we will have that
the B;’s are disjoint and o; > 1.

We start by setting o, = N — ap, + 1 and By, = [op, N + 1). Suppose now that for some
i = 2,...,h we have defined the o;’s and the B;’s for all ¢ < ¢ < h and the By ;’s for all
i < i <hand0<j<w. Before finding B,y C --- C B;,, and B;_1, we first want to find
a suitable 0,_1. We let I’ = [0; — 6a;—1,0;) and notice that by Observation 2.9, and using
that a;—1 > % and B; C [0, 0; + a;), we get that d(I', B;) > 1/3. Now, by averaging, for at
least one ¢ € [6] we have d([o; — faj—1,0; — ({ — 1)a;—1)) > 1/3. For such a choice of ¢, we set
0j—1 = 0; —fa;—1 and write I,_1 = [02'71, 0;—1+ (11;1).

We now apply Lemma 2.12 with Is 19 = I;_1, Bo1o = B; and s2.12 = s; which gives us
Bi,1 - 11;1 and Bi,O c...C Bi,w - B,L such that

L |Bi_1| = 37108 || = b1,

2. b; = |B;| > |B; ;| > 3754%|B;| = m,

3. (Bic1UB;j—1,0)is a (B;j, A, si, (38Aw2—z)2A(lli’lufi*j’l‘))-out-community, for all j € [w].
Moreover, since |I U B; j_1| < 3a; , we get that

I,_1UB; . _ 2
<’ i—1 A 1,] 1) < (3ai)A §317A wmiA

and consequently,

2A A A
38Awﬁ (i1 U Bij1| < 9A [ 5L 3164w i 317A%w, ) A
b; A B 2b; 5~ Ty 336Awg, i

A\ A VA
< 928w [ i —3A2y A (T

“o(5) (')

where we plugged in our definitions of b; and m;. In particular, for each j € [w], (B;—1UB; j_1,0)
is a (Bjj, A, si, 5(2%)A(mg/?’))—out—community.

By repeatedly applying this argument we are thus able to find all B;’s for i = 1,..., h and
all By j’s for i’ =2,...,hand j =0,...,w. Now, to find By o C --- C By, C B; we can once
again apply Lemma 2.14, this time with Iy = (). By the same computations as above we get
that (B1,-1,0) is a (Blyj,A,31,5(25—1)11)A(mlA/g))—out—community for each j =1,...,w. O
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2.4 Embedding into the structure

In this section, we prove Theorem 1.7 by showing that we can embed the given digraph G with
graded bandwidth w and maximum degree A into the structure given by Theorem 2.10. We
find this embedding of G layer-by-layer. As such, before giving the proof of Theorem 1.7 in
Section 2.4.2, we first state and prove Lemma 2.14, which allows us to embed one layer of G at
a time.

2.4.1 A single embedding step

To find an embedding of the next layer of GG into our structure, we will use the Lovész local
lemma [22], whose statement we now recall.

Lemma 2.13. Let Ay,..., A, be events in an arbitrary probability space and let H = ([n], E)
be a graph such that for each i € [n] the event A; is mutually independent of the events {A; :
(i,7) ¢ E}. Suppose moreover that 0 < x1,...,x, <1 are real numbers such that for alli € [n]
we have Pr[A;] < ;i []; jyep(l — ;). Then

n n
Pr[/\ 4] > ] - ) >o.
i=1 i=1

We are now ready to state and prove our embedding lemma, which will allow us to embed
one layer of the graded partition Vi,..., Vg of G at a time in the following manner. At a given
step we have already embedded V; into A1, V5 into As and so forth, all the way up to embedding
Vi_1 into A;_1. We would now like to embed V; into A; — which will be the sets W7 and A in
Lemma 2.14, respectively, and we shall now denote them by the latter names. Since for each
u € Wy we have already embedded all the in-neighbors of u, we however cannot embed w in just
any vertex in A; let f(u) € A be the set of vertices where we can embed wu, i.e., the common
out-neighborhood in A of the vertices we have chosen as the embedding of the in-neighbors of
u. By carefully performing the embedding at the previous steps, we will be able to guarantee
that for each u € Wy the set f(u) will still be large, say |f(u)| > b for some b € N.

Since where we embed some u € W affects the possible choices for the embedding of all the
out-neighbors v of u in the future steps, we will also have to be careful in this step. Specifically,
we will let W5 be the set of all vertices that have an in-neighbor in V; and let D be a bipartite
graph with parts Wi and W5 with edges between each u € Wy and all its out-neighbors v € W
in G. Then, for each v € Wa, we will let F,, C 24 be the set of all possible bad embeddings of
the in-neighbors u € Wy of v into A. In our case, these will be all the embeddings that do not
leave much space to embed v later on. Now, Lemma 2.14 simply says that as long as the sets
Fp are not too dense, we can indeed embed W7 into A such that each u € W; lands at some
x € f(u) while at the same time avoiding all of these bad placements F, of the in-neighbors of
each v € Ws.

Lemma 2.14. Let D be a bipartite graph with vertex classes W1 and Wy and let AT, A~ > 1
be such that every vertex in Wi has degree at most AT and every vertex in Wy has degree
at most A~. Let a,b € N be integers such that a > b > 32|Wi| and let A be a set of size
|A| = a. For each v € Wa, let F, C 24 be a collection of sets with |[Np(v)|-density at most
4A+1A— (2_1/23)|ND(”)|. Moreover, let f : W1 — 24 be a function such that for each w € Wi we
have |f(u)| > b. Then, there exists an injective function ¢ : W1 — A such that for each u € Wy
we have ¢(u) € f(u) and for each v € Wy we have ¢(Np(v)) ¢ F.

Proof. Let s = |Wj| and let ¢ : W3 — A be a random mapping such that for each u € W,
the value of ¢(u) is picked uniformly at random from the set f(u), with all these choices made
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independently. For distinct u,w € W let Ay, be the event that ¢(u) = ¢(v). Moreover, for each
v € Wy let us write N, = Np(v) and let B, be the event that |¢p(Ny,)| = |Ny| but ¢(Ny,) € Fy.
Clearly, if none of the bad events A, and B, hold, then ¢ satisfies the requirements of the
lemma.

Let us now bound the probabilities for each of these events to hold. For u,w € Wy, we
have Pr[Ay,] < 3. To bound Pr[B,], consider a tuple (¢(u))ucn, such that [¢(N,)| = |N,| but
¢(Ny) € F,. Since the |N,|-density of F, is at most J, = ﬁ(2*1/22)|m|, the number of
such tuples is at most

5”<|13 |> IN|! < Gyal™l.

Since the tuple (¢(u))uen, is chosen uniformly at random from a subset of AN of size at least
bVl this implies that Pr[B,] < %ﬁlfzrl < qatp=27 N2,

Let us now consider the dependencies between the bad events. Note that since the random
variables {¢(u)}yew, are mutually independent, the event A,,, is mutually independent from
all Ay and By, such that {u, w}N{uv/,w'} =0 and {u, w} NN, = 0, respectively. Thus, A, is
dependent on at most 2(s — 2) < 2s events A,y and at most 2A™ events B,, where we recall
that s = |Wj|. Similarly, the event B, is mutually independent from all A,,, and B, such that
N, N {u,w} = § and N, N N, = 0, respectively, and thus it is dependent on at most s|N,|
events Ay, and at most |N,|AT events B,.

We now want to apply the local lemma. For each A,,, we let the corresponding x; be x = %
and for each B, we let the corresponding x; be y = ﬁ. Since A~ > 1 and b > 32s we then

get

1:(1 _ $)25(1 . y)2A+ > %4—165/()4—1/A* > %
where we used the inequality 1 — z > 477, valid for all 0 < z <
have

> Pr[Auw]y

. Similarly, for all v € V5 we

D[

. I N 1
y(l _ y)‘Nv|A+(1 _ LE) [Ny | > WZL [No|/(2A )4 8s|Ny|/b > M4 [Ny|/4 > PI‘[BU],

where we used that |N,,| < A~. Therefore, by Lemma 2.13, the probability that none of the bad
events Ay, and B, occur is positive and thus, there exists a choice of ¢ satisfying the desired
properties. O

2.4.2 Proof of Theorem 1.7

With Lemma 2.14 in hand, we are finally ready to prove Theorem 1.7. As described above, we
start by renaming the structure given by Theorem 2.10 to get sets Aj,..., Ay such that for
each i € [H] almost all A-tuples in A4;_,, U---U A;_; have a large common out-neighborhood
in A;. Then, we embed the layers of the graded partition Vi,..., Vg of G into the respective
A;’s one by one using Lemma 2.14. In particular, at each step after having embedded V; up
to V;_1, we will want to embed V; into A;, while making sure that we will be able to continue
embedding V;;1 etc. in the future. In particular, for each v € V; with j > 4, if uy,...,ua are
the in-neighbors of v in G such that for some ¢; < ¢3 < A we have already embedded uy, ..., us,
and ug, 41,...,up, € V;, we want to pick the embedding of wu,4+1,...,up, in a way such that
still for almost all choices of ¢(ug,11),...,¢(ua), we have that ¢(uq),...,¢(ua) have a large
common out-neighborhood in A;, which will give us a lot of space to put v. Therefore, in the
notation of Lemma 2.14, for each such v, we will let F, be the set of all ¢(ug,+1),...,d(us,)
that fail to satisfy this property.
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Proof of Theorem 1.7. Let G be a digraph with maximum degree at most A and graded band-
width w, and let Vi,..., Vg be its graded partition. Throughout, we will write V; = () for
i ¢ [H]. We let h be the smallest integer such that hw > H and for each i € [h] define

N; = max{“/lw (w— 1| H/zw (w— 2| |Vzw‘}

Moreover, we let

h
>
i—j
=2
5+, =5+, N;}. We also observe for future reference that

h
2|l 7l Z::

We define s = 64wn}, set § = (7a7)“272/2, and let a}, b, and m} be defined as in Theorem 2.10.

0 Vi

Moreover, for 0 < k < w and 0 < d < A, we set § 4 = (&)k (27 1/22%1,)‘[. Note that, in
1

-
I
-
51
-
=
-

particular, §, A = 52,10(%)A
1
We want to show that 7(G) < 3°72%|V(G)|. Therefore, let T be an arbitrary tournament
on at least

H h
357Aw’V(G)| > 354Aww . 24“/;’ > 354Aw Z4Ni
i=1 i=1

54A / 52A A
>3 wz >3 wzam n

h
> Z gi8dw CE%A . 64wn;~ > Z 6a;
; i=1

vertices. By Theorem 2.10 we can find disjoint By, ... C V(T) together with B;g C --- C
B, . C B; for each i € [h] such that for each i € [h] and j [ | we have

1. mé < ’Bi,j’ < b;, and
2. (Bi~1UB;j-1,0)is a (Bij, A, s}, 6w a( ;A/g))—out—community.

We aim to show that we can embed G into this structure, which will prove 7(G) < 3°74%|V(G)|.
To that end, we first rename the B; ;’s to make it easier to formulate our embedding strategy.
For each i € [H] we let

Ai = Bijw],((i-1) mod w)+1
and let A; = 0 for all 7 < 1. Similarly, once again for all i € [H], we let
— o L / 1!
=Tl ST Sl T M) and b = by

We note that by the two properties of the sets B; and B;; we immediately get that for each
i€ [H]

1. m; < ’Az‘ < bi, and
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2. (AipU---UA;1,0) is an (A, A, 55,00 A (mg/‘?))—out—community.

Indeed, for the second property notice that if ¢ = aw 4+ b for some 0 < a < h and 0 < b < w,
i.e., A; = Bgpt1, then A;_, U---UA;_1 C By_1UDB,. For future reference, we also have that
‘Ai—j’ > m2/2 > m1/3 + A for each j € [w]

We now want to embed the V;’s into the corresponding A;’s; we do it inductively, using
Lemma 2.14 and starting with embedding V; into A;. More specifically, we let P; = U;zl Vi be
the set of vertices of G we have already embedded up to step ¢ € [H] and, for each v € V(G),
we let P;(v) = Ng (v) N P; denote the set of in-neighbors of v that we have already embedded
at that step. Moreover, we let r;(v) = [N (v) \ P;(v)| denote the number of in-neighbors of v
that still have not been embedded up to step i. We also define k; ; = min{w, j —i — 1} for each
0 <i < j < H. In other words, at each step i, for each unembedded layer V;, k; ; represents
the number of unembedded layers that could potentially send an edge to V.

For each i =0, ..., H, we will find a partial embedding ¢; : P; — U;Zl A; such that

1. ¢; is an embedding of G[P;] into T[U;,:1 Ajrl,
2. ¢i(Vy) C Ay for each j' € [i], and

3. for each i < j < H and each v € V; we have that (A;_y,  U---UA;j_1,¢i(F(v))) is an
/3 .
(Aj,7i(V)s 855 Ok; 5 ri(v) (T:(U) ) )-out-community.
We note that condition 3 in particular implies that for each i € [H — 1] and v € Vj11 we have
|N;f(¢z(VZ)) N Ajy1| > Sit1, i.e., there are at least s;41 vertices in A; ;1 where we can embed v
to extend ¢;.

We first check that for ¢ = 0 condition 3 indeed holds. To that end, fix j € [H] and v € V}.
Note that |Py(v)| = 0 and ro(v) < A since G has maximum degree at most A. Let E be the set
of all ro(v)-subsets S C Aj_p,  U---UA;_; such that [N*(S) N Aj| < s;. Moreover, let C' be
the set of all rg(v)-subsets S C Aj ko, U---UAj 1 such that (A; U---UAj_1,S5) is not an

(Aj, A—ro(v), sj, ( Aﬁ{ é ?v)))—out—community. Clearly, £ C C and moreover, by Observation 2.6,

IC| < b, (23(1/)?) < kg 70 (v) (:?)]({)i)))) In particular, we get that (A; g, U-- U Aj_1,6(Fo(v)))
is an (Aj,70(v), 85, Okg s r0(v) (:Z’)j({f))’))—out—community as required.

—ko,;

Now, assume that for some i € [H] we have already found ¢;_; satisfying the above condi-
tions. We want to extend it to ¢; using Lemma 2.14. To that end, we define N; = Uue% NT(u),
and note that since G has graded bandwidth w, we have N; C V;; 1 U--- U Viiy,. We let D be
the bipartite graph obtained from G[V; U N;| by removing the orientation of the edges. For each
u € Vi, we also let f(u) = (N} (¢(P—1(u))) N A;) \ ¢(P;—1) denote the set of vertices from A;
we can embed u into so that we get a valid extension of ¢; 1. Notice that A; is disjoint from all
Ay with i/ < j —w and that for all j —w < ¢ <i we have |Vy| < 2n;. Therefore, by condition
3 for ¢;—1, we get that |f(u)| > 64wn; — 2wn; > 32wn; > 32|V;| for each u € V;.

For each i +1 < j <7+ w and each v € V; we now set F, as the set of all S C A; such that
(Aip1 U UAj1,0(Pi—1(v)) US) is not an (Aj, A, 55, 0, ri(v) (mi/:g))-out-community. Note
that |[Np(v)| = ri—1(v) —7i(v). Thus, since |4;\ ¢(P;(v))| > |Ai|—A > m;/3, by Observation 2.6
we get that F, is upward closed and has |Np(v)|-density at most

m;/3 )

i—l,j,Tz'—l('U) (7"1'71(11) . 1 2_1/2i ‘ND(v” < L 2_1/2 32wni |ND(U)|
6k:i,j,7"i(v) C4AA? 2bll T 4A2? |Al’ .

O,

Therefore, by Lemma 2.14 we can find an injection ¢ : V; — A; such that ¢(u) € f(u) for
each u € V; and ¢(Np(v)) ¢ F, for each v € N;. In particular, by our choice of f and the F,’s,
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the embedding ¢; : P; — |Ji_; A; defined by

() — pi—1(u), u€ P
o= { ol e

satisfies all of the above conditions. At the end of this process, we have constructed an embed-
ding ¢ : Py — T'. Since Py = G, we conclude that G C T, concluding the proof. O

3 Upper bound for graded digraphs

By plugging in w = 1 to Theorem 1.7, we immediately get that 7(G) < 3°72|V(G)| for any
graded digraph with maximum degree A. However, for this special case, the problem is actually
much simpler than for digraphs with graded bandwidth w > 2, which is why we are able to
prove the stronger bound stated in Theorem 1.2. In particular, finding sets Ay,..., Ay in the
host tournament such that for each i € [H — 1] almost all A-subsets of A; have many common
out-neighbors in A; is possible without the detour through the sets B; and B;;, which was
needed for the general case. In fact, having found A;11,..., Ay — again making sure that they
are placed correctly in the median order of the host tournament — we are able to find A; with
just a single application of dependent random choice. Another observation — which this time
also applies for the general case as well — is that in the proof of Theorem 1.7 the role of the in-
and out-degree are actually asymmetric. These two observations allow us to replace A in the
exponent with the maximum in-degree A~ and significantly improve the constant in front of it.

As stated before, instead of proving Theorem 1.2, we will prove a stronger theorem that also
leverages the fact that the graded digraph could locally have different maximum in-degrees in
different parts. This will allow us to use less overhead to embed the parts where the in-degree is
small, and is particularly useful for graded digraphs in which the large in-degree only appears in
parts of the graded partition whose sizes are small, as is the case for the oriented hypercube @) .
More formally, we can prove the following theorem, which immediately implies Theorem 1.2 by
upper-bounding each A by A~.

Theorem 3.1. Let G be a graded digraph with a graded partition V(G) = Vi U---U Vg for
some H € N and maximum in- and out-degree A~ and AT respectively. Moreover, for each
i € [H—1] let A; be the mazimum in-degree in the induced subgraph G[V; U Vii1] and set
Ay =A, =0. Then

H

7(D) < 10°(A7)2AT Y " 22Biat a0y
i=1
We defer the proof of Theorem 3.1 to Appendix A, due to its similarity to the proof of

Theorem 1.7. We also note that Theorem 3.1 immediately implies the upper bound on the
oriented Ramsey number of the hypercube.

Proof of Theorem 1.4. Let d € N and de) be the d-dimensional hypercube on the vertex set
V = {0,1}%. Moreover, for each 0 <i < d,let V; :={v € V : >.jv;=1}. Then V =VoU---UVy
isa graded_gartition of Cj; and for each ¢ = 0,...,d — 1 the maximum in-degree in the induced
subgraph Q4[V; U V;41] is i + 1. Therefore, by Theorem 3.1,

d
?(@l’) S CldSZ <d>4 . 24i _ Cd3(16+ l)d — Cd317d,

. )
=0

for some absolute constants C’ and C. O
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4 Lower bound for graded digraphs

4.1 Proof outline

In this section, we prove Theorem 1.5, which states that there exists a graded digraph G with
height h, maximum degree A, and equal number of vertices in each part of the graded partition,
such that 7(G) > ¢®|V(G)| for an absolute constant ¢ > 1.

The main ingredient of the proof is the same statement in the case h = 2, from which the
general statement will follow. In other words, we first show that exists a bipartite digraph Dy
with vertex classes of size n each and maximum degree at most A such that 7(Dg) > ¢ - (2n).

Having found such a bipartite digraph, we will generalize the construction for any height h,
by taking a graded digraph G such that the induced subgraph between two neighboring parts
of the graded partition is a copy of Dg. We will show that such a G is not contained in a
tournament 7" obtained by replacing each vertex of a transitive tournament on H = h/2 — 1
vertices with a copy of R, a large tournament not containing Dj.

Indeed, if we let G have the graded partition V(G) = V1U---UV}, and let V(T') = A1U---UAn
such that each T[A;] is a copy of R and all the edges go from A; to A; for i < j, then we show
the following. If an embedding of G into T exists, then for any i, if we embedded most of V;
into A; U---UApy for some j, then most of V2 must be embedded into A;4 1 U---UAp. This
will give us a contradiction since there are only H < h/2 levels in the tournament 7.

It remains to construct Dy and R such that the argument above works. We will use a
construction very similar to the one of Graham, Rédl and Rucinski [32]. Namely, we show that
if we take R to be a blow-up of a random tournament and Dy a sparse random bipartite digraph,
then with positive probability R does not contain a copy of Dg. To make the generalization
for any height possible, we will in fact need to show a slightly stronger statement, namely that
if we take any two large subsets A" and B’ of the two vertex classes of Dy, then R does not
contain a copy of the induced subgraph Dy[A" U B].

The remainder of this section contains the details of the argument. We first construct a
suitable bipartite digraph Dy and a suitable tournament R in Section 4.2; these constructions
are encapsulated in two technical lemmas, which are very similar to ones appearing in [32].
Then in Section 4.3 we show that R indeed does not contain a copy of D. Finally, in Section 4.4
we give a proof of Theorem 1.5 by generalizing the construction to all heights.

Remark 4.1. As in [32], we quantify the respective sizes of the sets and other quantities with
concrete numerical values. For example, “large” subsets of the vertex classes A and B of Dy
will mean A’ C A and B’ C B of sizes at least 0.98|A| and 0.98|B|, respectively. However, we
want to stress that the actual numerical values are not of much importance; what matters is
that the dependencies between them work out correctly.

4.2 Technical lemmas for the bipartite case

We begin by constructing the bipartite digraph Dy, which we will require to have bounded degree
and satisfy certain pseudorandom properties. The following lemma is a slight generalization of
[32, Lemma 3|, and states that a graph with such properties can be constructed randomly. We
use the notation ey (X,Y) to denote the number of pairs in X x Y that are edges of H.

Lemma 4.2. There exist constants cg > c¢; > 1 and Ag such that for each A > Ay and
n > (co)®® there exists a bipartite graph H with vertex classes X andY of size n and mazimum
degree at most A such that the following hold, where k = (co)>.

1. For all partitions X = X1 U---UXUDx and Y =Y, U---UY, U Dy with | X;|,|Y;| <
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(c1/co)®n and |Dx|,|Dy| < 0.02n, we have

> |X;i||Y;] > 0.55(0.98n)2.
i#jren (X;,Y;)>0

2. For all X' CX andY' CY such that | X'|,|Y’| > 0.01n, we have eg(X',Y") > 0.

The proof of Lemma 4.2 is a standard union bound argument, and we include it in Ap-
pendix B for completeness.

Our next lemma is of a similar flavor to Lemma 4.2, showing that a random object typically
satisfies a certain pseudorandom property, and is very similar to [32, Lemma 4]. In this case,
we show that a random tournament typically has many directed edges from any large set to
any other large set. We actually prove something slightly more general, which says the same
not for sets, but for “weighted sets”, that is, for functions valued in [0, 1]. Here, and in the rest
of the proof, all logarithms are to base e.

Lemma 4.3. Let k > 2 and x > (10%logk)/2. There exists a tournament R with vertex set [k]
such that for all pairs of weight functions f, g : [k] — [0, 1] with f+g < 1 and Zle(f(z)—i—g(z)) =
2x, we have

W= > f(i)g(j) <0.512°.

ijEE(R)

Again, the proof of Lemma 4.3 is fairly standard, and we defer it to Appendix B.

4.3 The bipartite case

We are now ready to prove Theorem 1.5 in the case h = 2, that is, when G is bipartite. As
discussed above, this step is actually the heart of the proof, as the proof for arbitrary h will
essentially be a reduction to this case.

Lemma 4.4. There exist constants ¢ > 1 and Ag such that for all A > Ag and n > A the
following holds. There exists a bipartite digraph Dy = (AU B, E) with |A| = |B|] < n and
mazimum degree A such that all its edges are directed from A to B, as well as a tournament R
on (¢)An vertices such that for any A’ C A and B' C B, the following hold.

1. If |A'|,|B'| > 0.98|A| then there is no copy of Do[A" U B'] in R, and
2. if |A'|,|B’| > 0.01|A| then ep,(A’, B") > 0.

Proof. Let cg,c; and Ay be the constants from Lemma 4.2. By potentially increasing Ag
further, we may also assume that (co/c;)® > 10°Alogcy for all A > Ag. We let 1 < ¢ =
min{cy,2%3/co}.

fA>Agand A <n < ﬁQCOA, let Dy be the oriented complete bipartite graph K AA
with vertex classes A and B and where all the edges are oriented from A to B. Clearly,
for any non-empty A’ C A and B C B’ we have ep(A’,B’) > 0. To show that the first
property also holds, note that if |A’[,[B’| > 0.98A then Do[A’ U B'] has the complete bipartite

graph K|g.98a],|0.908a] @s a subgraph. Therefore, since the probability that a uniformly random
tournament R on N = 20984]/2 > (c’)An vertices contains a copy of KLO.49AJ’LO.49AJ is at
most (Lo.9j\éAJ) (LO.QJ\QAJ)Z_LO'QSAJQ < N?200.98A]9—[0.98A 2 < 1, there is a choice of R such that the
conditions of the lemma are satisfied.

Otherwise, we have 0.98n > 2cOA. Let then Dy be a digraph obtained by taking the graph

H from Lemma 4.2 and orienting every edge from A to B, and let R’ be the tournament from
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Lemma 4.3. We obtain a tournament R by taking the blow-up of R’ in the following way. Let
N = cPn > ()?n, k = c§ and partition [N] = Uy U- - -UUy, such that |U;| = N/k. Let R be an
arbitrary tournament on the vertex set [N] such that for all ij € E(R') we have U; xU; C E(R).
That is, the edges between distinct U;, U; form a blown-up copy of R’, and the edges inside any
U; are oriented arbitrarily.

Dy satisfies the second condition of the lemma by Lemma 4.2. Suppose now for contradiction
that for some A’ C A and B’ C B with |A'|,|B’| > 0.98n there is a copy of Dy[A’ U B'| in R
and let X and Y be its two vertex classes. By Lemma 4.2 we have that for X; := X N U; and
Y, =Y NU; it holds

Soxllvil > Y XY > 0.55(0.98n)2.
ijEE(R) i#j:ep(Xi,X;)>0

For ¢ € [k], let f(i) = |X|k and ¢(i) = % We have 0 < f+ ¢ <1 and

k k A
2z =Y (f(i)+g(i) = ~ (X1 +Y]) =2 0.98% = 1.96 <Z°> > 10°Alog ¢y > 108 log k.
1

%

Therefore, by Lemma 4.3,

> XY = Z f()g(h) < —0 5122 < 0.51(0.98n)2,
ijeE(R’) Z]GE

a contradiction. This shows that there is no copy of Dy[A’UB’] in R for any such A’ and B’. [

4.4 Proof of Theorem 1.5

With the ingredients above, we are ready to prove Theorem 1.5.

Proof of Theorem 1.5. Let ¢ > 1 and A}, be the constants from Theorem 4.4 and set Ag to be
a constant such that Ag > Al and (¢/)*/2 > 4. Moreover, let ¢ > 1 be a constant such that
Ao = (¢)P0/2/4. Let A > 2A¢ and n > A. Let Dy = (AU B, E) and R be respectively the
bipartite digraph and tournament from Lemma 4.4, applied with the parameters n and A/2.

If h = 2, then we take G = Dy and since R doesn’t contain a copy of Dy we get 7(G) >
(¢)2/?n > ¢®n. Otherwise, we define a graded digraph G on nh vertices and with a graded
partition V3 U--- UV}, where |V;| = n for all i, by declaring that for all i € [h — 1], the induced
subgraph G[V; U V1] is a copy of Dy such that V; plays the role of A and V;4; plays the role
of B. Note that the maximum degree in G is at most A, since the maximum in-degree and
maximum out-degree are both at most A/2.

Now let H = [%] — 1 > 1 and define a tournament T on (¢)*/2Hn vertices with a vertex
partition V(T) = A; U---U Ap, where |A;| = (¢')*/?n for each i € [H], as follows. For each i,
we let T[A;] be a copy of R7 and for all 1 <i < j < H, we direct all edges from A; to A;. We
claim that there is no copy of G in T

Indeed, suppose for contradiction that ¢ is an embedding of G into T'. For i € [h] and A’ C

V(T), let fi;(A") = w be the fraction of vertices of V; embedded into A’. Additionally,

let U; = U ;Aj, and let j; be the largest index 1 < j < H such that f;(U;) > 0.99. Note that
this is Well deﬁned since Uy = V(T'), and hence f;(U;) = 1.

The key observation is that if f;(U;) > 0.01, then f;11(U;) > 0.99. Indeed, if this is not the
case, then there exist X; C V;, X;11 C Vi1 with | X, |XZ+1| > 0.01n, with the properties that
#(X;) C U; and ¢(Xi41) € V(T) \ U;. But all edges in T are directed from V(T') \ U; to Uj;,
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hence the second condition in Lemma 4.4 implies that if such X;, X;;; exist, then ¢ is not a
valid embedding.

In particular, applying this observation with j = j;, we conclude that f;11(U;,) > 0.99.
This implies that j;+1 > j; for all i € [h — 1], that is, that the indices j; are monotonically
non-decreasing. We now claim that for each i € [h — 2], we have that j; 1o > j;.

Indeed, if j;41 > ji, then we are done by the monotonicity property jiyo > ji+1. Hence
we may assume that j; = j;4+1, which in particular implies that f;(Uj,+1) < 0.01 by the key
observation. If fj11(Uj,+1) > 0.01, then we are again done by the key observation. Therefore,
we may assume that fi11(Uj4+1) < 0.01. Together with the fact that j11 = j;, we conclude
that fl(A]Z), fi-i-l (A]Z) > 0.98.

In other words, there exist X; C V;, X;11 € Vipq with |X;|,|Xs41] > 0.98n such that
#(Xi), (Xi41) € Aj,. But this is a contradiction to Lemma 4.4, since T[A;,] is a copy of R'.
We conclude that, as claimed, j;12 > j; for all ¢ € [h — 2].

Since j; > 1 and jito > j; + 1 for all 4, we find that j; > i/2 for all i. In particular,
Jjn > h/2 > H. But this is a contradiction as there are only H parts in 7', implying that there
is no copy of GG in T'. Therefore,

7(G) > () ?Hn > %(C’)A/Zhn > Ahn. O

5 Concluding remarks

While Theorem 1.2 is roughly best possible in general, it is reasonable to expect that one
could improve it in certain cases. In particular, for the oriented hypercube @;, we expect
that the bound in Theorem 1.4 could be significantly improved. In fact, our techniques are
already sufficient show that the induced subgraph of @; obtained by taking the vertices with at
most d/2 non-zero coordinates has oriented Ramsey number at most 234+°(4)  As this digraph
consists of simply the first half of the graded partition of @;, this suggests to us that the bound
in Theorem 1.4 is not particularly close to best possible. Concretely, we make the following
conjecture, which is a directed analogue of the Burr-Erdés conjecture [9] that r(Qg) = O(29).

Conjecture 5.1. There is an absolute constant C > 0 such that ?(@;) < 024 for all d > 1.

As mentioned in the introduction, we believe that Theorem 1.7 gives the most general
condition that is currently known for guaranteeing that a bounded-degree acyclic digraph has
linear oriented Ramsey number. However, it is certainly far from being a full characterization of
this property, and it would be very interesting to find additional structural notions that imply
linear bounds on oriented Ramsey numbers.

Finally, we reiterate the main question left open from [24], which we consider to be of central
importance in the study of oriented Ramsey numbers.

Question 5.2. Given A > 1, does there exist some C > 0 such that every n-vertex acyclic
digraph D with mazimum degree A satisfies 7 (D) < n®?

Acknowledgments: We are grateful to Xioayu He for constructive comments on an earlier
draft of this paper.
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A A more refined analysis for graded digraphs

In this appendix, we prove Theorem 3.1. As stated before, the proof follows the same lines as
the proof of Theorem 1.7. We first fix a suitably large host tournament T and, again using
dependent random choice and the median order, find disjoint sets Aj,..., Ay C V(T) such
that for each i € [H — 1] almost all A; subsets of A; have many common out-neighbors in
Ait+1. Then, using Lovasz local lemma we show that we can embed our graded digraph into
this structure layer-by-layer.

As described above, in the case of graded digraphs, having found the sets A;4+1,..., Ag just
a single application of dependent random choice suffices to find the set A; — which is formalized
in the following lemma.
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Lemma A.1. Let a,d’,b,l,s,N,k, A~ € N be integers with 2a’ > a, and let T be a tournament
on N wvertices with a median order vi,...,vy. Moreover, let 20a’ < o < N —a + 1 and let
B C [o,0+ a) be an arbitrary subset of size at least b. Then there exist o — 20a’ < o < o —d
and A C [0',0 + a') such that

o |Al> % (GHk, and
/

o (A,0) is a (B,A,s,4(Z5) (L) (5)%)-out-community.

Proof. Note that we may assume |B| = b, because the conclusion for any larger value of |B] is
a strictly weaker statement. Let J = [0 — 2¢d’, 0) and since B C [0,0 + a), by Observation 2.9

we have

» dt(w,B)=> d (v,J) > bt —1)d.

ueJ vEB
Now, for i € [2k] let I; = [o+ (i — 2¢ — 1)a’,0 + (i — 2()a’) and notice that J = U;cppq Li-
Therefore, by the pigeonhole principle there exists an ¢ such that

> df(u,B)>b (2‘;) da.

u€el;

Fix such an ¢, and let I = I;. Let o' = j + (i — 2¢ — 1)a’ be the left endpoint of I. Now the
conclusion follows from Lemma 2.11 with Lo 11 = I, Ro11 = B, Asq11 = Fo11 = 0. O

We are now ready to prove Theorem 3.1.

Proof of Theorem 3.1. Let G be a graded digraph on n vertices with a graded partition V (G) =
ViU---UVy for some H € N and let AT and A~ be its maximum out- and in-degree, respectively.
Moreover, for each i € [H — 1] let A; be the maximal in-degree in the induced subgraph
D[V; U Viq1] and set Ay = A = 0. Note that we may assume that A;” > 1 for all i € [h — 1],
for otherwise the underlying graph of G is disconnected, and we obtain the desired bound on
7 (@) by summing up 7 (G’) for every connected component G’ of G.

We define ¢ = 2/A~ and ¢ = 4A~ + 4, and note that % < 2+ ¢e. We define integers cg, ¢p,
and ¢, by

cs = 32, ¢ = 2000AT A ¢y, and ¢, = 20

We further define

- (2+)" G Ay

n; =
7 9j—i

j=i
and let _
a; = CoM and bi = cp(2 + 5)*%1’ n;.

We will build sets Ag,..., Ay such that |A;] > b; and that A; lies in an interval of length a;.
We now let

A
— _ 1 ;
S; = 65(2 + 8)_2(A~; +Ai71)ni and 61 _ M <2_1/22+1>
i+1

[Asy1]
AT

K3

We will further guarantee that (A;,0) is an (A;41, A7, Sit1, (5,-(

for future reference that

))-out-community. We note

C A 1
n; = (2 -+ 5)2(Ai_1+Ai )H/Z‘ + §ni+1.
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In particular, this implies that a; > a;+1/2 and that s; > ¢4|V;| = 32|V;].

Let N = Efil 2f0a;, let T be a tournament on N vertices, and fix a median order vy, ...,vN
of T. We now claim that we can find integers o1,...,0n and disjoint sets Aj,..., Ay C V(T)
satisfying the following properties.

e ogy=N—ap+1and o, —2la;_1 <o0j_1 <0; —aj_1

o A; C 05,0 + a;),

|Ai| > b;, and

|Ail
A7

for each i € [H — 1], (A;,0) is an (Ai+1,AZ~_,Si+1,57;(

))-out-community.

Note that in particular, we will have that the sets A; are disjoint and that oy > 1.

Setting oy = N —ap + 1 and Ay = [og,on + ap) clearly satisfies these properties, so
suppose now that for some i € [H — 1| we have defined A; and oy for all i < ¢/ < H. By
applying Lemma A.1 with 041 = 041, Ba1 = Ait1, aa1 = aiy1,d 1 = a; > ai11/2,b =
bivi1,ka1r = 24,5 = s;41,0a1 = ¢ and A = A, we can find 0,41 — 20a; < 0; < 041 — a;
and A; C [0;,0; + a;) such that

o |4l > §(242)? =b;, and
o (A;,0)is a (Ait1, A, siv1,4 - (2 + )28 (z?)(%)zA; )-out-community

We now note that, since b; > 2A.", we have that

Eéi = (Z> " - (2 ' C(Hc;)m> ) B (4(2+s)2A?)A;,

A7

where we plug in our definitions of a;, b;, ¢4, and ¢,. Additionally, we have that

_ - Ay A7 Ay
(siH)Ai (et N e\ ! 1
bit1 ep(2 4 )2 B tAD) cp(2+ )80 2000A+TA~(2 + )28

by our choices of s;41,b;11, cs, and cp. Putting this all together, we see that

4 (2+ )ZA,* a; (Si—&-l)QAf_ -4(2+ )2Af Si+1 A (Aa:*) Sit1 A b;
© A7) b B © bi+1 ] (Abg) bit1 A7

i

e (207 (L) (0
© bii1 B00ATA- A7

— AT
g—1/25it1 S (4-2122402\ 7 (b
bit1 500A+A~ A;

|4
< 5
< 5Z<Ai ;

where the final step uses that ¢ < 2, that A, > 1, and our definition of ;. This shows that the
set A;, as defined above, satisfies the desired properties. Continuing inductively in this way, we
are able to find all the sets Aq,..., Ap.

Having found these sets we now want to embed each V; into A;, starting this time with V;.
For i € [h], let S; = (J;_, V. For each i € [H] we find a function ¢; : S; — (A1 U--- U 4;) such
that

IN

IN
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e ¢; is an embedding of G[S;] into T[A; U --- U A;],
o ¢(V;) C Aj for each 1 < j <, and

o for each i € [H — 1] and v € Vi41, the vertices ¢;( N (v)) C A; have at least s;1.1 common
out-neighbors in A;11.

For all i € [H — 1], we define F; to be the set of all S C A; with |[NT(S)N A;11| < s;41 and
notice that F is upward-closed and has A; -density at most J;. We can therefore find ¢; by
applying Lemma 2.14 with ao.14 = bo.14 = b1, W172.14 = Ay, W272.14 = Ay, Doy = G[Vl U ‘/2],
Fy = F; for all v € V5 and f(u) = A; for all uw € V;. Suppose now that for some i € [H — 2] we
have found ¢; satisfying the conditions above. For u € Vii1, let f(u) = N (¢;(Ng (v))) N Aiga
and note that |f(u)] > s;41 for all u € V;y;. We can now again apply Lemma 2.14 with
Wigia = Aiy1, Wapaa = Aira, a214 = big1, boag = sip1, Fy = Figpq for all v € Vo and
Dy14 = G[Vig1 U Viya]. We get a function ¢ such that

e for all v € Viy1 we have ¢(v) € N (¢:(Ng (v))), and

e for all v € Viyo we have [N (¢(Ng (v)))| > sito.

Thus, the function
ov), veVi
RS S
gbi (’U), vES;
satisfies the conditions above.

Proceeding in this way inductively, we can therefore find ¢ _1 satisfying the same properties.
Now, since for all v € Vi we have |NJ (¢u—1(Ng (v)))| > sp > |Vu| we can greedily extend
¢m—1 into ¢y, satisfying the above conditions. In particular, ¢ is an embedding of G into T'.

To complete the proof, it remains to estimate N, the number of vertices in 1. Plugging in
our choice of e = 2/A~, as well as the estimates 14+ < e* and A; < A~ for all j, we find that

(2 + )221T285 = (2(1 + /2))225-1 1285 < 122851128y

Additionally, we have that

H
> _mi
i=1

i (2 + )2 A1 tAy) 4

I
Mm

.
Il

1 5=t

A
(2 + &) At \V!ZQJ —

Il
AMI

7j=1

H — —
<2) (24 Gty
j=1
Therefore,
— — H — —
= %Zal = 2, an < 4fc, Z (2+e)* 217285 V] < e(A7)2ATY Q2AT Ay,
j=1 j=1

for the absolute constant ¢ =4-5-32-2000-2-¢e* < 10°. Since T was an arbitrary tournament
on N vertices, we have shown that

H
7(G) <107(A7)2AT Y "2 Aty -
=1
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B Proofs of the technical lemmas from Section 4.2

In this section, we prove the two lemmas from Section 4.2. We begin with Lemma 4.2.

Proof of Lemma 4.2. We take any cg, ¢; satisfying 1 < ¢7 < ¢g < (5/4)'/292 and choose Ag so
that (c}/co)®0 < 0.1, ((0.8)/101c2)20 < 1/16 and (1 — 10%)20/101 < 1/8. Note that we can
choose such a A since all three of these inequalities are satisfied for sufficiently large Ag. Let
moreover A > Ay, d = A/101, and m = 1.01n.

To obtain our graph H, we will first draw a bipartite graph G uniformly at random from
the set of all bipartite graphs with dm edges and with vertex classes V/ and V" of size m each.
Then we will remove the n/100 largest degree vertices on each side to obtain H. Since the
number of vertices of degree larger than A in D is at most Ad—fl < 107 = 1po» the maximum
degree of H is at most A with probability 1. It thus suffices to show that H will also satisfy
the other two properties with positive probability.

For the first one, let us bound the probability that there exist partitions V' = V/U---UV/U
DxUD and V" =V/"U---UV/UDy UD" with |D'| = |D"| =n/100, |Dx|,|Dy| < n/50, and
[V/|, V)| < (c1/co)®n for all i € [K], such that

> [V/]|V}'] < 0.55(0.98n)°.
i#jien (V) ,V/')>0

To do that, notice that since

Z VIV <k (1) n| = (1> n? < <1> n? < 0.1n?,
i=1 €0 €o o

such a partition must satisfy

> VI IV = (0.98n)% — 0.1n* — 0.55(0.98n) > 0.2m?.
i#jiec(V{,V/)=0

Therefore, by the union bound, the probability that such a partition exists is at most

0.8m?

1

(k + 2yt Can ) (dmfg)) < (2k)"2% (0.8 < 87 ((0.8)! /1 )R < 2,
dm

where (k + 2)?™ is a bound on the number of partitions, 28 bounds the number of possible

choices of pairs (V/,V]’) with no edges in between them and (0'5:,;”2) / (;”TZ) is a bound on the
probability that indeed no edges fall between them.
Similarly, the probability that there exist X’ C X and Y’ C Y of sizes at least 0.01n each

such that ey (X', Y’) =0 is at most

((17104)m2) 1
22m fnn; < 22m(1 _ 104)dm S 22m(1 _ 104)A0m/101 < =
(dm)
where 22 bounds the number of choices of X’ and Y’ and the fraction bounds the probability

that there are no edges between them. Thus, by the union bound, there exists a choice of G
such that both properties are satisfied, implying the existence of the desired H. O

)

We now turn to the proof of Lemma 4.3.
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Proof of Lemma 4.3. Note that 2z = S°F_  (f(i) + g(i)) < k, hence the statement is vacuous
if 2z > k, as in this case there exist no such functions f,g. Thus, we assume henceforth that
2z < k, and in particular that & > 10%1log2. We let R be a uniformly random tournament with
vertex set [k].

We first claim that we can assume that there exist ig # jp such that for all i # ig and all
j # jo we have

f(@),9(5) € {0, 1}.

Indeed, for any fixed outcome of R, suppose that f and g maximize W and that there exists an
i such that 0 < f(i),g(i) < 1. Now consider the sums Wy (i) = >_;:cpr) 9(J) and Wy(i) =
> jjicrr) [ (7). I Wi(i) = Wy(i) then define new functions /" and ¢’ such that there are equal
to f and g except that f'(i) = f(i) + ¢g(i) and ¢'(¢) = 0. Otherwise, we set f’(i) = 0 and
g' (i) = f(i) + g(i). In either case, we have W’ > W for the corresponding quantity W’'.

Thus, we can assume that min{f(7), g(i)} = 0 for all . Now suppose that there exist i # j
such that 0 < g(4), g(j) < 1. Again in case Wy(i) > W,(j), we let g;; = min{g(j),1 — g(¢)} and
let ¢'(i) = g(i) + €i; and ¢'(j) = g(j) — €ij. Otherwise, we do the same with ¢ and j swapped
and in both cases we get W’ > W. By the same argument, we can also assume that for at most
one ip we have 0 < f(ip) < 1.

Now, assuming f and g satisfy the property above, define 7' = {i : f(i) = 1} and S = {j :
g(j) =1} and let t = |T'|, s = |S|. By our assumptions, we have that ¢t + s < 2z < t+ s+ 2 and
2z < k. Additionally, we have

W= " [(i)g(j) = er(T,S) + g(jo)Wy(jo) + f(io)Wy(io) < er(T,S) + 2.
ijEFE(R)

In particular, if W > 0.5122 we find that

(s +1t)?

er(T,S) > 0.51z? — 2z > 0.501z2 > 0.501

We now claim that with positive probability (over the randomness in R), there exist no sets
S, T C V(R) satistying this inequality. Suppose first that ¢ < s. Note that we must have t > s/7
since otherwise eg(T,S) < ts < 0.5(t + s)?/4. Similarly, we must have s > sg := 2 - 107 log k.
For any fixed disjoint 7', S we have that eg(T, S) ~ Bin(ts, 3) and thus by Chernoff’s inequality,
and using (t + s)2/4 > ts > s%/7, we get

Prler(T, 8) > 0.501(t + 5)2/4] < Prler(T, §) > 0.501ts] < e 710",

Moreover, for s > sy, we have

e—1077s% - =107 Tss0 _ =25
Therefore, the probability that such T and S exist is at most

53 () ()3 3 (F) eay (£) < (2) -

5=50 t=5/7 5=50 t=5/7 5=50

)

N =

2
where in the first inequality we use that since ¢ < s, we have that (];) (]Z) < (lz) < (ek/s)*. By
interchanging the roles of s and ¢, we obtain the same bound in case ¢t > s. Thus, we find that

R satisfies the desired property with positive probability. O
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